o= Convex Hull Trick

By Bora
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Our motivating question

YT

\ 3 -+ query(z) = max f;(x)

At a query point x, which line gives the largest value?
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Our motivating question

9 —

The upper hull gives the

query(z) = max fi(z)

maximum at each x.
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Our motivating question

9 —

QUERY
r= 4.0

max fi(z) = 53

At x, trace down from the top to the upper hull.
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Our motivating question

i I

QUERY
z= 4.0

i max fi(x) = 7.4

Insert a new line: part of the hull changes.



CONVEXHULLTRICK / 03

Lines and intersections



CONVEX HULLTRICK / 03

Lines and intersections

Q=

flx) =mx+b
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Lines and intersections

9 —

\ f(x) =mx+0b

g(x) = maox + by

/
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1 intersection case

9 —

61 Assume the slopes are ordered
f(x) =mix + by
g(x) = mox + bo

1y = ilo
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1 intersection case

9 -

6 Before the intersection
T = .

f(z) > g(z)

The smaller slope is larger.
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1 intersection case

After the intersection
X > ds

g(z) > f(z)

The greater slope stays larger.




CONVEX HULLTRICK / 04

1 intersection case

Y=

The single-crossing property

Larger slope permanently
overtakes smaller slope
after intersection

SRS S |
X
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Monotonic CHT

K =

6 -+ Insert by increasing slope
m1 < mg <mg < - -
Move queries to the right

L1 = Lo =23 =

Insert slopes in order. Move query points only to the right.
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Monotonic CHT

10

T

| f@)=—=+2 |

Firstinsert a line with slope -1.

Insert by increasing slope
my < mg <mg < -
Move queries to the right

Ty = dp = Tz =

f(@) = —z+2
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Monotonic CHT

10 -+

Insert by increasing slope
mip < mg <mg < - -
Move queries to the right

T %9~ Fy

|

]

1

/
X

c(z) = 32+ 2

[ A(5) = — 2 ] [ o(z) = 1z +2 ]
Blue and purple both contribute to the hull.
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Monotonic CHT

8=

Insert by increasing slope
my <mg <mg < - -
Move queries to the right

L= %o = T =

\ X
g(x) =2x+4

[f(a:)»:—:c+2 J[ cw=ta+2 || g@)=20+4 |

Insert the green line as a dotted candidate.
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Monotonic CHT

10—

8 -

Insert by increasing slope

my <mg <mg < -+
Move queries to the right
\ x1§x2§x3§...

g(z) =2z + 4

Z

[f(a:):—:c—i—Q][ g(z) =2z +4 ]

Gray out purple and make green solid.
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Monotonic CHT

10—

ldea: Keep track only
of useful lines

)

[f(:c):—:c—l—Z][ g(z) =2x+4 ]

Store only the lines that contribute to the upper hull.
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Line insertions

=

=T

The last two + a new line

fla)=—a+2
c(z) =2z +2
g(x) =2x+4

mye < me < Mg

—z + 2 ][ ¢lz)

2

T+ 2 ]

Look at the last two stored lines, f and c.
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Line insertions

==

ol \

The last two + a new line

fla) =~ +2
c(z) =2z +2
g(x) =2x+4

mye < me < Mg

= J[ c(x)

T+ 2 J

The new line eventually takes over. Does c survive?
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Line insertions

intersection( f, g)

Compare the crossings

intersection( f, c)

| | b — b
intersection(a, b) = -
mp — Mg
intersection(f,c) =0
) intersection(f, g) = -é

Before x = 0: f(x) > c(x).

(8}

[t =-s+2 || co)=to+2 |

Use the intersection formula from the previous section.
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Line insertions

intersection( f, g)

, Transitivity at the same x
intersection(f, c)

2

9(z) = f(z) = c(z)

gis atleastf; fis atleastc.

i = g(z) 2 c(z)

R

_1 —=

[ f@=-s+2 || co)=to+2 |

Between these crossings: g>f>c¢c, sog2c.
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Line insertions

intersection(f, g)

What happens after that?
9(0) =4 > f(0) = ¢(0) = 2

Mg =2>m,=

intersection( f, c)

1
2

Before x =0:f covers c.

/

ffireaetd After x =0:g stays abovec.

=T

|
|
(N

q
T SO AL c never needs to be the winner.

'.
NS
l
T

[f(x):_$+2 ][ clg) = Sut2 J

Atx =0, f=c, but gis already higher. Its larger slope keeps it higher.
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Line insertions

intersection( f, g)

intersection(f, c) The middle lineis useless if

intersection(f, g) < intersection(f, c)

g intersects f before c

2
-2 <0

DS i
S
X

[f(x)z—:l:+2][ g(x) =2z +4 ]

Remove the last line, then test the new last two.
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Line insertions

==
One insertion, several removals
AT A=-2xz, B=—-x+4+2
1 / g8 N peo

le G=2z+6
Test C, D, G first.

R
o

=i { new

[ e ]{B(x):—x—FQ][ C(z) =3 ][ Do s ][G(w):2x+6]

A single insertion can remove several old lines.
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Line insertions

Q=
intersection(C, G) /
i Transitivity at the same x

/intcrsection(C.D)
' -3 <<

1l G(z) > C(z) > D(x)
| Gis atleastC; Cis atleastD.
— ({z) 'z

I
_,1I _iL_ I new

[ A(x) = -2z l][B(:U)=—$+2][ C(z)=3 }[ D(z) =z 42 J[G(w):QaH—G]
Between these crossings: G>2C=2>D, so G 2 D.




CONVEX HULLTRICK / 06

Line insertions

18==r
intersection(B, G)
ol / What happens after that?

- G(-1)=4>B(-1)=C(-1) =3
=2 > mo =0

Before x =-1:B covers C.

\ Afterx =-1:Gstays above C.

C never needs to be the winner.

I
/
x

L new

=—$+2] [G(a:):2x+6]

B covers C on the left. G covers C on the right. Pop C.
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Querying

Y

—6 —+

DS —t—
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Querying

Query x = -1
fo(=1)=4> fi(~1) =3
max f;(—1) =4

Blue wins this query.

43 ol

06—t

1 6 Keep all four lines.

[fo(a:):—a:—l—3]

| n@=3 || fa@=2+1 || fs(e)=22-3 |

front

back

At -1, blue gives 4. No line is retired.
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Querying

Query x =1
f()(].) =)0 f1(1> =1
Purple has overtaken blue.

max (1] =3

[[fo(x):—:z:+3][ filz) =3 ][ folz)=az+1 ][f;g(.’L’)ZQ(L‘—?)J
o At 1, fo(1) < fi(1): purple has overtaken blue. o
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Querying

Forevery x 2 1
fi(x) = fo(z) =2 > 1

Purple stays above blue.

Their gap keeps growing.

Blue cannot win a future query.

—x+3]

| n@=3 || p@=s+1 || fse)=20-3 |

[[ fola)

front

back

To the right of 1, purple stays above blue forever.
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Querying

Query x =5
fi(5) =3 < fs(5) =17

f@ =6< f3(5)="7

Yellow has overtaken both

purple and green.

Bt
=
(=)
oo

[ )= ]][ @ =v+1 | fola) =223 |
front back
At 5, yellow gives 7: above purple's 3 and green's 6.
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Querying

12 - |
9 -+ Z/ Forevery x 2 5

f3(x) — filzx) =2z —6 > 4

/ f3(z) = fo(x) =2 -4 2>1

Yellow stays above both.

Both gaps grow to the right.

[
18
R
=
(=]

[ filz) =3 ]][ fo(z)=xz+1 ] [ fa(x) =22 —3 ]
front back
After 5, yellow stays above purple and green at every point.
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Querying

v X=5
12 -
9 +
Pop the front, one line at a time
T f1(5) =3 < f2(5) =6
P —t : Pop purple first.

Then check the new front.

[[ = ]][ fg(.’lr):2f1;—3]

front back
The deque checks neighbors: green beats purple, so pop purple.
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Querying

Pop green; return 7

i | J28) =6 < fs(5) =T

3 . — Yellow is the new front.
max fi(5) = f3(5) = 7

[[ falz) =2z - 3 J]

front
Yellow beats green. Pop green and retum 7.
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Turning this into (pseudo)code
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Turning this into (pseudo)code

QUERIES—»[ i7) ][ fi ][ f, ][ fs ][ fa J<—INSERTIONS

front() back() pop front() pop back() push back()

O(1) per deque operation

std::deque<Line>
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Turning this into (pseudo)code

QUERIES — <«— [NSERTIONS

front() back() pop front() pop back() push back()

one call: O(n) in the worst case
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Frog

Increasing heights. Start at height O.

Reach the last pillar using the least total energy.

8 o [ [

ho—o h]—2 ]’L4=6
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Frog

jump from i to j: (h; — h;)* +C

A larger height difference costs more; Cis paid for every jump.

hs =6
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Frog

heights 0 5 4: (4—0)2+4=20
heights 0 2 —4: (2—-0)?+4+(4-2)2+4=8+8=16
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Frog

energy|j] = least total energy to reach pillar j
energy|[0] = 0
Compute the pillars from left to right.

energy[i] + (h; —hi)*+C

NG

' WV
best route to ¢  one last jump to j
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Frog

energylj] = Orgzigj ((hj — hi)? +C + energy|i])
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Frog

vector<long long> energy(n, LLONG MAX);
energy[0] = 0;
for (int j = 1; j < n; ++j) {
for (int i = 0; i < j; ++i) {
long long delta = height[j] - height[i];
energy[j] = min(energy[j], energy[i] + delta * delta + C);
}
}

1 +24vendt(n—1) = n(né_r>::(7(n2)
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Frog
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Frog

How can the convex hull trick help?

energy|[j] = II1<iIl((hj — hi)? 4 C + energy]i])
i

This doesn't look like a line. (YET)
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Frog

Expand the square

energy[j] = 1f151<1lf1(hl2 + hZ — 2h;h; + C + energyli])
i<j

mf—mﬁzh%+@—am%
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Frog

energy|j| = m<1n(hf +Hh?|— 2h;h; +C+ energyli])
i<J

hi? and C do not depend on which i we choose.



CONVEX HULLTRICK / 09

Frog

energy|j] = m<1n(hf — 2h;h; + energyli]) + h? + C
i<J

hi? and C do not depend on which i we choose.
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Frog

Now fix one earlier pillar i

energy|j] = m<1n(hf — 2h;h; + energyli]) + h? + C
i<J

h? and energyli]

7

Both are already known constants.
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Frog

The mixed term isslope x input

—2h;h; = (—2h;)h;
\ \/ J\/
slope input
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Frog

The constant terms become the y-intercept

fi(x) = (=2h;)x + (energy[i] - hf)

N Jy
A4

y-intercept

b; = energyli] + h?
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Frog

Evaluate that line at the destination height
Tl = S (energy[i] + hf)

m; = —2h; xr=h; b; = energy[i] + h?

Each earlier pillar contributes one line.
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Frog

Constructing the minimum hull
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Frog

Constructing the minimum hull

fi(z) = —2h;x + (energy[i] + h;)

Insert on the LEFT Query from the RIGHT

m; = —2h; z = h;

Heights increase; new slopes decrease. Query heights increase.

Repair the left end of the hull. Compare the rightmost neighbours.
Add the new line on the left. Pop right if the neighbour is lower or tied.

energy[j] = min f;(h;) + hj + C
1<J

Keep the lowest useful lines. Store their slopes increasing from left to right.
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Frog

Constructing the minimum hull

[\]

1. Query at height 2
min f;(2) = fo(2) =0

energy[l] =0+ 2% +4 =8

Lo
=
s

D
|

Now the next line is known.

fi(z) = —4z + (8 +2%) = —4x + 12

e e S S |
X

energy = [0,8, ?, ?, 7]

| hw=0 |
LEFT - insert / repair slopes increase = RIGHT - query / pop
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Frog

Constructing the minimum hull

y

12 —x\\\ 2. Insert purple on the LEFT
BT Tl 60 fi(z) = —dz + 12

i ) ?'u...i. : i f X Blueis lower before x = 3.
=0 = "'~.,... Purple is lower after x = 3.
S .."~.,.. Keep both. Add purple on the left.
g . —4< 0
o L
N~ energy = [0,8, 7, 7, 7]
[fl(:u) - —4x+12] [ fo(z) =0 ]

LEFT - insert / repair slopes increase = RIGHT - query / pop
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Frog

Constructing the minimum hull

2. Insert purple on the LEFT
fl (LU) = —4£U —+ 12

Blue is lower before x = 3.

Purpleis lower after x = 3.
Keep both. Add purple on the left.
—4 <0

energy = [0,8, ?, ?, 7]

[fl(:c) T 12] [ Bl =0 ]
LEFT - insert / repair slopes increase = RIGHT - query / pop
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Frog

Constructing the minimum hull

T~ :: 3. Query at height 3
i f1(3) = fo(3) =0

X Purple has the smaller slope.

~

For x > 3, purple stays lower.
Pop blue from the RIGHT.

energy[2] =0+3°+4=13

b
I
I
I
I
I
I
I
I
I
I

energy = [0,8, ?, ?, 7]

LEFT - insert / repair slopes increase = RIGHT - query / pop
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Frog

Constructing the minimum hull

4. Insert green on the LEFT
fao(z) = =62 + (13 + 3°)
fQ(ZL‘) — L

Purpleis lower until x = 5.

Green is lower after x = 5.
—6 < —4 (keep both)

energy = [0,8,13, ?, 7]

new line
[fQ(:v):—6x+22] [f1(x):—4a:+12]
LEFT - insert / repair slopes increase = RIGHT - query / pop
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Frog

Constructing the minimum hull

N~

LEFT - insert / repair

energy = [0,8,13, ?, 7]

5. Query at height 4

fi(4) = -4 <=2 = f»(4)
Therightmost line is lower.
min f;(4) = —4

energy[3] = —4 + 4% + 4 = 16

Green can win later: keep it.

Y

[fg(:v) = —6z + 22] [fl(:c) = —4zr + 12]

slopes increase —

RIGHT - query / pop
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Frog

Constructing the minimum hull

6. Try insertingyellow
f3(z) = —8z + (16 + 4°)
fs(x) = —8x + 32

All three meet at (5, —-8).

Does green still need to be kept?

energy = [0, 8,13, 16, 7]

new line
[fg(:n) :—8:17+32] [fz(x):—6w+22] [fl(a:):—4x+12]
LEFT - insert / repair slopes increase = RIGHT - query / pop
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Frog

Constructing the minimum hull

Repair the LEFT, then insert

Remove green from the LEFT.

Insertyellow on the LEFT.
Purple and yellow remain useful.

—8 < —4 (slope order)

energy = [0, 8,13,16, 7]

[}‘3(3“) = —8z + 32] [fl(x) = —4r + 12]
LEFT - insert / repair slopes increase = RIGHT - query / pop
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Frog

Constructing the minimum hull

6

~

|
:
:

energy = [0, 8,13,16, 7|

LEFT - insert / repair

| la) = 80+ 32

slopes increase —

7. Query at height 6

f3(6) = =16 < —12 = f1(6)
The left neighbour is lower.
Pop purple from the RIGHT.
min f;(6) = f3(6) = —16
energy[d] = —16 +6° 4 =24

RIGHT - query / pop
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Generalized single crossing

Start at the intersection: recall single crossing

y
9
7 Blue has the smaller slope.
/ Itis hlgher before the CI’OSSing.
(5,5)
5 Red has the larger slope.
It is higher after the crossing.
3
13 4 5 6 7

[ il = ] [g(:r;)z—m—I—lO]

Before the crossing: smaller slope. After it: larger slope.
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Generalized single crossing

13

=kl

Zoom out, then draw a vertical line

Its position is arbitrary.
Where did the two lines cross?

: Choose any vertical line
: T =

———

8 12 16 %

[ flel=o ][g(m)z—w—i—lO]

Draw a vertical line anywhere: here, atx = 7.
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Generalized single crossing

13

-11

The crossing is to the LEFT of the vertical line

E Red is on top at the divider
| f(71)=7>3=g(7)
: The crossing already happened.
(5,5) Red stays above blue on the RIGHT.
Blue cannot improve the maximum

on this side: it is useless here.
Blue canstillmatter on the left.

8 12 16 %

{ Jilo)— o ] [ g(z) = —x+10 J

Red wins at the divider and makes blue useless on the right.
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Generalized single crossing

13

=l

The crossing is to the RIGHT of the vertical line

x=7
I
|
I
I

Blue is on top at the divider
Q=13 " fi= (7
10, 10)/ g( ) . f( )
The crossing has not happened.
Blue stays above red on the LEFT.
Red cannot improve the maximum

on this side: it is useless here.
Red canstillmatter on the right.

12 16 %

[ flel=x ][9(5”):_56_"20}

Blue wins at the divider and makes red useless on the left.
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Generalized single crossing

13

=l

A crossing ON the vertical line belongs to the right case

x=7

On thevertical line, the lines tie

L(7,7) Either line gives thevalue at 7.

Blue is higher on the LEFT:
red is useless on that side.

[ Red canstillmatter on the RIGHT.

12 16 %

[ Al ][g(:c)z—:c—i—MJ

A tie at the divider: blue rules red out on the left, but not on the right.
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Generalized single crossing

|dea: What ranges might a line still be useful on?

Potentially useful on arange
Our single-crossing argument has not ruled the line out
as a possible maximum somewhere in that range.

This argument is kind of confusing.
We aren't claiming a line is the max value on a range.
We're claiming it's not impossible for a line to be the max on a range.
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What ranges matter?
Start with the range [0, 16)

y
16 —+
Insert red
2T Riz)==
g -k No line is saved for this range.

Keep red for [0, 16).
Integer queries:0, 1,...,15

Start with red. Itis our candidate for the whole range.



CONVEXHULLTRICK / 10

What ranges matter?

Insert blue alongside red

12 -t Draw the new line

B(z) = —2x + 15

Keep red visible.

s Compare these two lines.

| | | | X
4 8 12 16
i) =l

[ Hiz) =2 ] [B(:z:):—Q:c—f—lE)]

First draw blue alongside red.
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What ranges matter?

16

12

Now draw the midpoint
midpoint 8

04+ 16
=8
5
Given this vertical line,
what information dowe know?

: What does this divider tell us?

et
7______
o

=

= -

X

[ Rz =« ] [B(:r) = —2x + 15]

Given this vertical line, what information do we know?
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What ranges matter?
Rule out blue on the right

y midpoint 8

et &
Red always wins on [8, 16)

i R(8) =8> B(8) = —1

8 4 They already crossedat x = 5.
Red has the larger slope.

T crossat 5 Blue cannotwin on [8, 16).

l \\ 1[) 1p X

[ Riz) = J [B(:z:):—Q:l:—!—lE)]

On [8, 16), red is always above blue.
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What ranges matter?

Blue can still matter on the left
y midpoint 8

Keep blue for [0, 8)

12 + Blue wins here on [0, 5).
B(2)=11> R(2) =2

Red wins for 5 < x < 8.

) L1 Blue is stilla possible maximum
crossat 5

S somewhere in [0, 8).
| \ | X

[ Rizx) ==z J [B(:r) = —2x + 15]

Blue can still be the maximum somewhere in [O, 8).
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What ranges matter?

Compare on [0, 16)
Y midpoint 8

I
16 == !
I
I
I
I

|
|
|
|
| ' | |

X

4 & 12 16

—4 - |

R(8) =8> B(8) = —1
Keep red at thisnode.

[ Rlz) == } [B(:z:) = —2r+ 15]

Possible lines

[

[0,16) mid 8
R(8) = 8

|

Organize possible lines by range. Red stays at the root.
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What ranges matter?

Compare on [0, 16) Possible lines
Y midpoint 8
16 + [0,16) mid 8
R(8) = 8
12 +
-
[0,8) mid 4
4+ [ B(4) =7 ]

[0,16) — [0, 8)
Send blue into the left child.

[ Riz) =2 J [B(:c) = —2x + 15]

Blue may still win on the left: create the child [O, 8).
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What ranges matter?

16

2

Insert yellow on [0, 16)

midpoint 8

I
|
|
|

&
[
|
|
|
|
|

& 12
I

Possible lines

[

[0,16) mid 8
R(8) = 8

|

[0,8) mid 4
B(4) =7

|

[ H(z)=x ] [B(r) = —2z + 15J [ Yile )= W J

Insert yellow. It wins at 8, so yellow replaces red at the root.
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What ranges matter?

Insert yellow on [0, 16) Possible lines
y midpoint 8
16 + : [0,16) mid 8
| ¥(8) =110
12 + |
g
“ T | [0,8) mid 4
S : B{4) = 7
| ' | |
I i I %
4 z:; 12 16

Y(8) =10 > R(8) =8
Yellow takesthe root's saved slot.

[ Rlz) == J [B(x) = —2x + 15] [ Yia) =108 J

Insert yellow. It wins at 8, so yellow replaces red at the root.
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What ranges matter?

|

Insert yellow on [0, 16) Possible lines
y midpoint 8
16 [0,16) mid 8
Y(8) = 10

12 +
“ i [0,8) mid 4 [8,16) mid 12
ok B(4) = 7 R(12) = 12

| ! y

4 12 1b

[0,16) — [8,16)
Send red into the right child.

[ Rz =7r J [B(:c) = —2x + 15] [ ¥(z)— 10 J

Red may still win on the right: create the child [8, 16).
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What ranges matter?

Insert brown on [0, 16) Possible lines

Y midpoint 8
6 4 | [0,16) mid 8
Y(8) = 10

[0, 8) mid 4 [8,16) mid 12
B(4) =7 R(12) = 12

I

|

| |
| i I——
4 8 12 6

I

Y(8)=10> W(8) =6
Keep yellow; send brown to the left.

[ R(z) = o }[B(a:):—2x+15][ ¥z 10 ][W(x)z—az—l—lél]

Insert brown. Yellow stays at the root; brown goes left.
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What ranges matter?

Continue brown inside [0, 8) Possible lines

Vi midpoint 4
6 + I [0,16) mid 8
| Y(8) = 10

{198 G |
T : [0,8) mid 4 [8,16) mid 12
i : B(4) = 7 R(12) = 12

| | | ~

2 4 6 8
i L |

[ Rlal=+ } [B(:z:) — 94 15] [ Y(z) = 10 ] [W(a:) L 14]

Inside [0, 8), compare brown with blue at the new midpoint, 4.
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What ranges matter?

Continue brown inside [0, 8) Possible lines

y midpoint 4

16 [0,16) mid 8
¥(8) =10

12 4+

T [0.8) mid 4 [8,16) mid 12

o W(4) = 10 R(12) = 12

% :. ~
y i ‘ i i [ [0,4) mid 2 ]
0,8) — [0,4) Bi2) = 11

Send blue into the left child.
[ Riz) == ] [B(:z:) = —2x + 15] [ @)= 1 J [W(:E) — 14J

Blue may still win on [0, 4), so store itin a new left child.
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Li Chao tree

Finally, we can define what a Li Chao tree is.

This structure is a Li Chao tree Y(8) = 10
Each node represents an interval [l, r).

It stores one whole line function f(x).

m = [(1+7)/2] [
l,r) — [I,m), [m,T)

Create the children only when needed. [

[ [0,16) mid 8 J

) mid 4 [8,16) mid 12
R(12) = 12

[ Rz ="u ] [B(:z:) = —2zr+ 15] [ Yig) =10 ] {W(I) e 14]

A Li Chao tree associates one line with each stored query interval.
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Li Chao tree

The midpoint invariant

Keep the winner at this midpoint
The saved line has the largestvalue at m

[0,16) mid 8
Y(8) = 10

among lines cc?mp.are.d at this node. el [8.16) mid 12
For [0, 8), the m|dp0|nt is 4: W(4) =10 R(12) =12
Wid) =10 > Bl =1
KeepW here; B may still matter below. :
[0,4) mid 2
[ B(2) = 11 ]

[ Rz =z ] {B(az) = —2zr+ 15] [ ¥Y(z) = W J [W(Ji) Tl 14]

Midpoint invariant: the saved line is best among lines compared at this node.
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Li Chao tree

What the stored interval means

[0,16) mid 8
Y(8) = 10

A possible line for this interval
[0,4) stores B(x) = —2z + 15
Other nodes may give a largervalue. [ [0,8) mid 4 ] [[8,16) mid 12]
B{2) =11 =W (2y="12 R(12) = 12
The midpoint invariant is local to a node.

[ Rzl == J [B(:z:) = 2z + 15] [ ¥i(z) =10 ] [W(x) — e 14J

An interval records where to keep a candidate line.
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Li Chao tree

Pseudocode Compare on [0, 16) Li Chao tree
insert(f, node [l,r)): y midpoint 8

if empty: store f; return o ! [0,16)
m= (l+r) // 2 , Y
if f(m) > g(m): 2 \

o
[0, 8) [8,16)
B R

swap(f, g) g
if r-1 == 1: return .
i t(L) = g(ly: :

insert(f, left [1,m)) i i ] x
elif f(r-1) > g(r-1): v t i s i

insert(f, right [m,r))
else: discard f Wi(8) =6 < ¥(8) =10
f:arriving line  g:stored line No swap:keep yellow.

[ Hix) == ] [B(:c) = -2z + 15] [ ) =11 J (W i 14]

At midpoint 8, yellow wins. Keep yellow at the root.

5
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Li Chao tree

Pseudocode Compare on [0, 4)

insert(f, node [1,r)): y
if empty: store f; return

m= (l+r) // 2 ~
if f(m) > g(m): LAy
swap(f, g) 8 4

if r-1 = 1: return
i) = g(l):
| insert(f, left [l,m)) | %
elif f(r-1) > g(r-1): ol : ; i
insert(f, right [m,r))
else: discard f
f:arriving line g:stored line

|
|

o 4
B —t—

Li Chao tree

[0, 16)
Y

[0, 8)
W

[0,4) III
empty

[ Hiz) =& J [B(a:) = —2x + 15} [ T =10 ]

~

-

W(x)=—x+ 14]

The child is empty. Store blue and retum.

[8,16)
R
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Li Chao tree

Pseudocode Compare on [0, 4) Li Chao tree

insert(f, node [1,r)): y
if empty: store f; return

m= (L+r) // 2 b'd
if f(m) > g(m): \
swap(f, g) B
if r-1 = 1: return ik [0, 8) [8,16)
i F(L)Y = g(l): | | | W R

insert(f, left [1,m)) '

' X
elif f(r-1) > g(r-1): i } i t i
insert(f, right [m,r)) [0,4)
[ else: discard T ] Other branches B
Not taken in thisinsertion.

f:arriving line g:stored line

Ve

[ Rl =1 ] {B(:r) = -2z + 15] [ i) = 10 ] W(z) =—-x+ 14]

-

If neither endpoint wins, discard the remaining line.
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Li Chao Queries
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Li Chao Queries

How do we answer our convex hull queries?

Suppose we want the maximum value at point x.

query (x) = max f; ()

This is one of the more unintuitive parts.

Suppose we want to find the maximum value at x.
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Li Chao Queries

Think about a line that could be maximum at x

Assume f is best at x

[ [0, end) ] z € [0,m)
' f(@) > g(z)
g wins at the midpoint.

! Which child must keep f?
om || mend |

I
m

Assume fis best at x. Keep x fixed in the left half of g's range.
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Li Chao Queries

Suppose, for contradiction: f isin g's right child

What would sending f right require?

[0, end) ] The left half must be ruled out for f.
g(t) > f(t) for0<t<m

r<m = g(z)> f(z)

J But we assumed f(x) > g(x).

Contradiction

Routing f right would rule out the left half, contradicting f being best at x there.
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Li Chao Queries

Think about a line that could be maximum at x

Why the maximum at x survives

[0, end) ] We rule out a half only when another
candidate is at least as good there.

|
: The maximum value at x is preserved
I
I
I

on arange that still contains x.
[ [m, end) ]

X fis ruled out here

The candidate range still contains x.
Repeat the same reasoning whenever the line moves again.

A maximum at x cannot disappear from every range containing x.
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Li Chao Queries

What if the line reaches [x, x+1)?

[ a range containing x J
A worse line cannot replace f

l f(x) > h(z) = keep f
[ the half containing x ] Compare at x, then stop.
l No smaller range remains.

Either tiedline is enough.

The best value stays in the correct range: [x, x+1).

Keep the best function at x, then stop. Its range still contains x.
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Li Chao Queries

Therefore

lineis stored in some

lineis maximumatx —» range containing x
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Li Chao Queries

So how do we answer the query?

Look at every stored range containing x
Evaluate the line stored for that range at x.
Take the maximum of all these values.

query(z) = max fi(a)
stored ranges [
el

fr is the line stored for range I.

Visit the ranges containing x, evaluate their lines at x, and take the maximum.
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Li Chao Queries

y Query x = 2
|
15 :
|
|
12 <+ : Y(Q) = il
@
8 —+ |
|
I
AN |
|
|
: i I I
| 4 8 12
—4 L= |
{ Y(2) = 10 ]

Stored candidates

[0, 16)
Y(z) = 10

[0,8) [8,16)
W(z) = —z + 14 Riz) ==

5 [0,4) [4,8)
B(x) 5

=—2z+1

empty

N

Visit [0, 8): brown at x = 2 gives 12. Update the maximum to 12.
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Li Chao Queries

y Query x = 2 Stored candidates

[0, 16)
Wi2) =12 ¥izi=10

/

[0,73) [8,16)
W(z) = —z + 14 Rlz)=x

|

I : b \GX[ [0,4) ] [4,8)

Blz)=—2z+15 empty

{ Yi2) =10 ] [ Wi2) = 12 ] [ Inax = 12 ]

Visit [0, 8): brown at x = 2 gives 12. Update the maximum to 12.
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Li Chao Queries

Yy

Query x = 2 Stored candidates
[0, 16)
¥ (21 =10

/

E [ [0,8) ] [ 8, 16)
: W(z) = —z + 14 R(z) ==z
| | | /

= : \ f T X[[B (z) [=O’—42?1 R 15]] e[ljl’p8t)y

[ Y(2) = 10 ] [ W(2) = 12 ] [ B(2) = 11 ] [ hern 12 ]

max(10,12,11) = 12
The next child is empty. Retum max(10, 12, 11) = 12.
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Li Chao Queries

Exactly one half contains x

[0, end), n = end
n is the number of integer query positions.

X =2
| 016 |~ 08 |- 04 |- 24 | 23 |
size 16 size 8 size4 size 2 sizel

n — nf2 — nfd4 — .- — 1

[z, z + 1) Query: O(logn)

An empty child lets us stop earlier.

Halving reaches [x, x+1) in O(log n) steps.
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Closing thoughts



